Abstract. The deformation theory of ordinary representations of the absolute Galois groups of totally real number fields (over a finite field k) has been studied for a long time, starting with the work of Hida, Mazur and Tilouine, and continued by Wiles and others. Hida has studied the behaviour of these deformations when one considers the p-cyclotomic tower of extensions of the field. In the limit, one obtains a deformation ring classifying the ordinary deformations of the (Galois group of) the p-cyclotomic extension. We show that if this ring in Noetherian (a natural assumption considered by Hida) it is free over the ring of Witt vectors of k. This however imposes natural conditions on certain µ-invariants. 1. Introduction 1.1. Setup. Let p be a prime > 2. Let F be a totally real field of degree d over Q, unramified at p. All extensions of F are contained in a fixed algebraic closure. Let F ∞ be the cyclotomic Z p -extension of F , and F n ⊂ F ∞ the subextension of degree p n . Thus F 0 = F . We assume that F (and therefore F n ) does not contain the p-th roots of unity. We write p for a prime of F dividing p. Since F is unramified at p, we have (ram) F n /F 0 is totally ramified at p.
Notations
Let F n,p be the localisation of F n at the unique prime above p. When p is understood we will write K n := F n,p . Thus [K n : K 0 ] = p n .
We set ∆ n = Gal(F n /F ) ∼ = Z/p n Z and∆ ∞ = lim ← − ∆ n ∼ = Z p . Also put
for the (modular) Iwasawa algebra, where k is a finite field, and
If V is a k-vector space we write V * for its linear dual. If L is a perfect field, we write G L for its absolute Galois group (for a choice of an algebraic closure).
1.2. Ordinarity. Let K be a p-adic field, k its residue field, and A a W (k)-algebra. A representation ρ : G K → GL 2 (A) is called ordinary of weight two if it has the form (1.1) ωε * 0 ε −1 where ε : G K → A × is unramified, ε 2 = 1, and
is the cyclotomic character.
The coefficient * defines a class e ∈ Ext 1 K (ε −1 , ωε) = H 1 (K, ωε 2 ). For a global field F , a representation ρ of the Galois group into GL 2 (A) is called ordinary of weight two if its restriction to F v (for any prime v above p) is ordinary of weight two. We also assume that the determinant of ρ is the cyclotomic character.
We will consider representations of Γ n , thus unramified outside S. For the places in S, we impose no conditions ('unrestricted deformations'.) (We could impose local conditions, given by compatible deformation data (D n,q ) for the primes q dividing S, the conditions being compatible with respect to the field extensions. However we have not checked the arguments of §4 in this more general situation.) Fixρ : Γ 0 → GL 2 (k), where k is finite, be an absolutely irreducible representation such that (ord).ρ is ordinary of weight 2. (NS). The restriction ofρ to F p is absolutely indecomposable (all p). (odd).ρ is totally odd (the image of each complex conjugation has determinant −1). (det). The determinant is the cyclotomic character.
Note that these conditions remain satisfied whenρ is restricted to F n : ε 2 remains non-trivial as F n,p /F p is totally ramified, and then inflation-restriction implies that
In particular, for all n,ρ| Fn is indecomposable and the standard deformation theory applies (no framing).
Write C W for the category of complete local W -rings (W = W (k)) with residue field k; write C W for the subcategory of Artinian objects in C W . (Cf. [11, p. 267] . Note however that we do not assume rings in C W to be Noetherian.) For the representability properties it suffices to consider liftings ofρ to elements of C W .
There exists a universal deformation ring R n over W (k), the ordinary deformation ring for F n parametrising ordinary liftings (of weight 2) ofρ over algebras in C W . By results which are now well-known, we have Theorem 1.1. R n is a complete Noetherian algebra in C W .
1.3.
Deformation rings over F ∞ . By construction, for A ∈ C W , there exists a natural bijection Hom(R n , A) ↔ {ρ n A = ordinary representations over A} (the representations on the right taken modulo conjugation by 1 + m A M 2 (A).) By restriction ρ n A yields an ordinary representation for Γ n+1 . Taking A = R n we see that there exists a natural homomorphism R n+1 → R n . Lemma 1.2. The homomorphism R n+1 → R n is surjective.
Proof. We have the tangent spaces (cf. [3] )
where Ad 0ρ is the representation of Γ on the traceless endomorphisms of the space ofρ (see §2) for Γ = Γ n , Γ n+1 , and R = R n , R n+1 . The definition of H 1 ord is recalled in §3.1. We have inclusions F n+1 ⊂ F n,S ⊂ F n+1,S since F n+1 is ramified only at p. Let G = Gal(F n+1,S /F n,S ). We have two exact sequences
where ∆ n,n+1 = Gal(F n+1 /F n ). Sinceρ is a representation of Γ 0 , G acts trivially. Let W = Ad 0 (ρ) 1 . A first application of Hochschild-Serre, to the first exact sequence, shows that H 1 (Γ n+1 , W ) = 1 Not to be confused with a ring of Witt vectors. We apologise for the redundant notation.
, by the previous remarks about restriction. We now have, writing ∆ = ∆ n,n+1 :
Again the first term vanishes, whence an exact sequence
Now the definition of ordinary cohomology (see §3.1) yields a commutative diagram
(the local conditions defining H 1 ord being compatible), with injective vertical maps, whence
This yields first R n+1 ⊗ k ։ R n ⊗ k since these algebras are Noetherian and complete, and then R n+1 ։ R n as both algebras are p-complete. It is easy to see thatρ| Γn remains absolutely irreducible; by cyclic base change it is modular. The assertion is then a trivial consequence from the fact that the R n are reduced; note however that this follows from the deep fact that Taylor-Wiles applies to the R n , which are therefore Hecke algebras. Cf. [10, Ex. 5.5] .
Now we define
We now want to consider ordinary deformations ofρ| F∞ . First note thatρ| Gal(F ∞,S /F∞) remains ordinary of weight 2 (with the previous definitions); in particular ε 2 = 1 on this subgroup. The exact sequence
where k is endowed with the representation ωε 2 , so the class of e in H 1 (F S /F ∞ , k) is non-zero as the first term vanishes (ωε 2 being equal to ε 2 on the subgroup).
However standard deformation theory does not seem to apply here. Indeed: (i). The group Π = Gal(F S /F ∞ ) does not satisfy the usual finiteness condition, viz., Hom(Π, Z/pZ) being finite. In fact all we seem to know is that Π ab is finitely generated over the Z p -Iwasawa algebra Λ (Cf. [12, p. 735 
]). (ii). Even with a proper definition of H
, this may not be finite without further conditions. However we will see that R ∞ still represents the natural deformation problem. We first have:
Proof. This is clear since A is finite and R ∞ is the projective limit of compact rings. Note that Hom(R n , A) ⊂ Hom(R n+1 , A).
Then there exists n < ∞ such that ρ A extends to Gal(F S /F n ).
Proof. As before we have an exact sequence
The choice of a lifting of 1 ∈ ∆ gives a splitting; we identify ∆ with its image by this section. Now ∆ acts continuously on Π by conjugation. Let Π 1 ⊂ Π be the kernel of ρ A , an invariant subgroup of finite index. There exists a subgroup of finite index ∆ 1 ⊂ ∆ such that
This yields a representation of Γ n , but it is not yet ordinary. However the lower left coefficient of the matrix is a continuous function with values in A, vanishing on Π. Thus it vanishes on Γ n ′ for some n ′ ≥ n. Likewise, the diagonal will be given by (ωε, ε −1 ) upon restriction to Γ n ′′ , since A is finite. Similarly, one checks that the deformation of this extension (rather than the lifting) is well-defined. Corollary 1.6. R ∞ represents the ordinary deformations ofρ| Π .
Note in particular that there is a natural universal deformation ofρ| Π , over R ∞ , defined by lim ← − ρ n .
1.4.
Main result. The purpose of this paper is the following theorem. Assume now (ρ, V ) is an automorphic lift ofρ (V a vector space over a p-adic field) and let T ⊂ Ad 0 V be a stable lattice.
Then it is formally smooth, i.e.
for some s ≥ 1.
(Refer to §4 for the definition of the Iwasawa modules X 1 and the corresponding µ-invariants, and the notion of 'adequate'.) Remark 1.8. (1) . For conditions on the data ensuring that R ∞ is Noetherian, see [10, Cor. 5.11] .
(2). Assume F = Q, F ∞ = Q ∞ , the Z p -extension of Q. Let f be a weight 2 eigenform, ordinary. Then there is a Hida family F through f (cf. [7] ), whencẽ
. In Hida's construction,ρ parametrises a family of representations of varying weights. However:
Proof. For example, suppose that the Hida family F corresponds to (f k ) where f k has weight k, and
Then the base change of f nr to F r , reduced modulo p r , has weight 2.
Thus we obtain a surjective map R ∞ → S ′ . In particular this explains why
without the hypotheses in Theorem 1.7. A similar argument applies to the general case ( [9] ).
Local cohomology
In this section K = F n,p is local (verifying the conditions of §1) andρ is an ordinary representation of G K . For simplicity we write
Let V = k 2 be the space ofρ, and W = End 0 (V ) be the space of traceless endomorphisms of V . It is endowed with the natural representation Ad 0 (ρ). Let Ad 
The exact sequence 0
By Tate duality we see that
The first part of (i) is obvious; we have h 0 (K, W 1 ) = 0 since the extension is non-split, so the map is injective. The map
follow from Tate's Euler-Poincaré formula and (iv) from the exact sequence. Now recall that for X a representation of G K on a k-vector space,
where I K is the inertia. We define the unramified classes H 1 ur (K, W 1 ) to be the inverse image of
At this point we have the exact sequence
where the dimensions are (1,
We also note the vanishing of H 2 (K, Ad 0ρ ) by the analogue of (2.3) for H 2 , and Tate duality for W/W 1 . We summarise the results obtained so far:
(The third equality coming from the Euler-Poincaré formula applied to W/W 1 ) Now consider the extension K = F n,p = K n of K 0 = F p , whence an action of ∆ n = Gal(K n /K 0 ) on the cohomology groups H * (K n , −). Ad 0ρ (1) ). Note that W is self-dual, so dim M = 3p n d by Lemma 2.2 and Tate duality.
We show that the space of coinvariants H 0 (∆ n , M ) has dimension 3d: this implies by Nakayama's lemma that there is a surjective map k[∆ n ] 3d → M , and we conclude by counting dimensions. However, the dual of ) are invariant by the action of ∆ n .
Proof. It suffices to check this for the first space, and this is obvious as the inertia I n is invariant by ∆ n .
In k[∆ n ], the space of ∆ n -invariants is
The space H 0 (∆ n , k[∆ n ] d ) is the sum of these lines. If j 1 , j 2 are two injections of the trivial ∆ nmodule into H 0 (∆ n , k[∆ n ] d ), it follows that there is an isomorphism of k[∆ n ] d conjugating them. We write k[∆ n ] d /k for the quotient, independent of the map up to isomorphism as a k[∆ n ]-module.
Proof. Indeed the exact sequence (2.2) yields first
) and the dimensions being (p n d − 1, p n d, 1). The argument given for Lemma 2.3 shows that
Recall that W 1 /W 0 is the trivial module (for G K ). It follows that
Finally, the exact sequence is split: by the previous argument we can fix an element α ∈ 
) is injective. It is compatible with the splitting of Lemma 2.5, and equivariant for the action of ∆ n+1 .
). We get natural maps
We are reduced to looking at the map Res :
. Both spaces contain the line k = Im(H 0 ), on which restriction is an isomorphism. Finally,
by the exact analogue of Lemma 2.2. The two isomorphisms are respectively as modules over ∆ n and ∆ n+1 . As
This proves the first part of the lemma.
In fact we can be more precise. As for the proof of Lemma 2.2,
The last isomorphism is independent of n. As a consequence, the restriction
is given (on the spaces H ′ n ), in a suitable basis of the free modules, by taking the natural map
and quotienting through a line
. The other assertions of the lemma are now clear.
2.2.
Local cohomology, dualised. We now use the Tate pairing
(1)) be the orthogonal space of H 1 ord . We set
So this is naturally dual to H 1 ord . We can take the limit of these spaces under corestriction. In fact we obtain naturally a diagram
where the surjection on the right comes from the previous injection (Lemma 2.6) and the surjection on the left completes the diagram. We must however check that this is given by corestriction on the left: i.e., that for β ∈ H 1 ord, * ,n+1 and α ∈ H 1 ord,n , (Cor β, α) = (β, Res α) ∈ (1/p)Z/Z = F p .
(We assume k = F p ; in general an easy argument of restriction of scalars reduces to this case.)
The duality is given by the cup-product, with values in
The general formula is Cor(β ∪ Resα) = Corβ ∪ α. For the canonical identification of Br(K) with Q/Z, the restriction Br(K n ) → Br(K n+1 ) is given by α → pα (Cf. [14, XIII, §3] ); on the other hand Cor • Res : Br(K n ) → Br(K n+1 ) is also α → pα. Thus Cor(pα) = pα for α ∈ Br(K n ) and Cor :
We now dualise the expression of H 1 ord (K n , Ad 0ρ ) obtained in Lemma 2.5: thus
where E n ∼ = k. If we restrict to K n+1 , the corresponding map k → k is an isomorphism as was seen in the proof of Lemma 2.5. We can now choose the line E n equal to (e n , 0, .
The limit of the augmentation ideals is nothing but the augmentation ideal in Ω:
Thus we have proved:
Lemma 2.7. As an Ω-module,
Ordinary global Galois cohomology
In this section we return to the global setup of ordinary deformation rings in §1.
3.1. Tangent and obstruction space. We will now compute, first for fixed n, the tangent and obstruction space of the ordinary deformation space forρ| Fn . Note that we are looking at deformations with fixed determinant. The tangent and obstruction space are then H 1 ord (Γ n , Ad 0 (ρ)) and H 2 ord (Γ n , Ad 0 (ρ)), which are given by the following exact sequence (see [3, §2.2] ; recall that we are considering unrestricted deformations at the places not dividing S):
For the definition of H 2 ord and H 3 ord see [3] . Note that restriction yields natural morphisms between these exact sequences relative to F n and F n+1 .
In particular, we obtain for the direct limits:
where the coefficients are in Ad 0ρ . The full cohomology spaces H i (Γ n , Ad 0ρ ) can be fitted together by means of Shapiro's lemma:
since Ad 0ρ extends to Γ 0 . The group Γ 0 acts diagonally. For m ≥ n, the restriction map is then given by k[∆ n ] → k[∆ m ], restriction of functions (cf. §2.1.) Dually, the corestriction map :
is the surjection defining the Iwasawa algebra.
3 Note that there the induced module is called coinduced 3.2. Continuous Galois cohomology. Before passing to the limit in (3.3), we must make some remarks on Galois cohomology. So far our Galois modules were discrete, and we were using the corresponding version of cohomology (Cf. [15] ). However (3.3) leads us to the limit
It is easy to see that this Γ 0 -module is not discrete. On the other hand, if we endow Ω with its compact topology, ∆ acts continuously. We therefore consider the continuous cohomology H i ct (Γ 0 , −) (Cf. [12, II.7] ). We now have, with Ω n = k[∆ n ]:
Lemma 3.1. For all i ≥ 0, there exists an exact sequence 
Weak Leopoldt for adjoint
In this section we consider the vanishing of the second global Galois cohomology for adjoint over the cyclotomic tower.
4.1. Weak Leopoldt I. In this subsection we consider the vanishing of the second global Galois cohomology for adjoint with rational coefficients over the cyclotomic tower.
Let the notation and hypothesis be as in §1- §3. Let ρ be a deformation ofρ over the ring of integers A of a p-adic field; we also denote by ρ the corresponding rational representation, on a space V . Let W denote Ad 0 (ρ)(1) or Ad 0 (ρ) and T ⊂ W a Galois-stable lattice. This concludes our argument.
